On Two Classes of Closely Related Monomial Ideals 

Maorong Ge, Jiayuan Lin and Yulan Wang 

Abstract In |7J we obtained a formula for the Hilbert depth of squarefree Veronese ideals in 
a standard graded polynomial ring by relating it to the Hilbert depth of powers of the irrelevant 
maximal ideal. In this paper, we prove that these two Hilbert depth formulas are equivalent to 
each other. Our result reveals that there is a strong connection between these two classes of 
seemingly unrelated monomial ideals. We conjecture that their Stanley depths are equivalent as 
well. 

1 Introduction 

In recent years, two classes of monomial ideals, the squarefree Veronese ideals and the 
powers of the irrelevant maximal ideal in a graded polynomial ring, have received special 
attentions (e.g. [1], [3]- [8]). The Stanley depths of these two classes of ideals have been 
conjectured in [I], [5J and [8] and partially confirmed in [T], [I], [3], [5] and [8]. Their 
Hilbert depths have been obtained in [3] and [7]. At the beginning it seemed that there 
were no apparent connections between these two classes of ideals. Most results were derived 
solely on one of them. However, in [7] we computed the Hilbert depth of the squarefree 
Veronese ideals and found that it could be reduced to the calculation of the Hilbert depth of 
the powers of the irrelevant maximal ideal. In this paper we further exploit this connection 
and show that the two formulas for the Hilbert depths of these two classes of ideals are 
actually equivalent. 

Let A' be a field and R = K[xi, ■ ■ ■ , x n ] be the polynomial ring in n variables. Let M be 
a finitely generated graded -R-module. Analogous to the concepts of Stanley decomposition 
and Stanley depths, W. Bruns et al [2] introduced Hilbert decomposition and Hilbert depth. 
For the reader's convenience, let us recall the definition of Hilbert decomposition and Hilbert 
depth from [2] . 

Definition 1.1. Let M be a finitely generated graded S- module. A Hilbert decomposition 
of M is a finite family 

such that S{ G Z m (where m = 1 in the standard graded case and m = n in the multigraded 
case), Si is a graded A-algebra retract of R for each i, and 

M =0&(-sO 

i 

graded A-vector space. 
The number Hdepth Jif = min depth Si(—Si) is called the Hilbert depth of Jff. The 

i 

Hilbert depth of M is defined to be 

Hdepth M = max{Hdepth J4? : Jt? is a Hilbert decomposition of M}. 
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Note that each Stanley decomposition is also a Hilbert decomposition, so Hilbert depth 
provides an upper bound for the Stanley depth. 

For a finitely generated coarsely (or standard) graded -R-module M = © fegZ Mfc, the 
coarse Hilbert series of M is given by the Laurent series Hm{T) = ^2 ke % H(M, k)T k , where 
H(M, k) = dimx is the Hilbert function of M. We say a Laurent series Ylkez a kT k 
is non-negative if > for all k. It is easy to see that any Hilbert series is non- 
negative. In [U], J. Uliczka proved that the Hilbert depth of M is equal to max{r : 
(1 — T) r H M {T) non-negative}. Using this, W. Bruns et al [3] computed the Hilbert depth 
of the powers of the irrelevant maximal ideal in R. Using the result of [3], we obtained 
in [7] that the coarse Hilbert series of the squarefree Veronese ideal is Hi n d (T) = 

n-1 

£ ( d l 1 )T d (l-T)- n+i - d+1 , and its Hilbert depth is equal to d+ |_( d +i)/(d)J = d+ L^+fJ = 

i=d-l 

d — 1 + • We remark that the numbers in the formulas for their Hilbert depth of 

both classes of ideals are exactly those appeared in the corresponding conjectural formulas 
for their Stanley depths. We expect the following to be true. 

Conjecture 1.2. Let R = K[xx, ■ ■ ■ ,x n ] be the polynomial ring in n variables. Let J nt j 
be the squarefree Veronese ideal generated by all squarefree monomials of degree d and let 
m be the irrelevant maximal ideal in R. Then the formula Sdepth(m s ) = implies 



Sdepth(J njd ) = d - 1 + 



n-(d-l) 
d+l 



and vice versa, where s is a positive integer. 



In this paper we prove a Hilbert depth version of Conjecture 1.2. 

Theorem 1.3. Let I n & be the squarefree Veronese ideal generated by all squarefree mono- 
mials of degree d and let m be the irrelevant maximal ideal in R = K [x\, ■ ■ ■ , x n ] . Then the 



formulas Hdepth(m s ) = |"^-] and Hdepth(/ njrf ) = d — 1 + 
they imply each other, where s is a positive integer. 



n-(d-l) 
d+l 



are equivalent, that is, 



In Proposition 1.5 we show that Theorem 1.3 follows easily from the following result. 

Theorem 1.4. Let J n ( j be the squarefree Veronese ideal generated by all squarefree mono- 
mials of degree d and let m be the irrelevant maximal ideal in R = K[xi, ■ ■ ■ ,x n ]. Let 
m = m R R be the irrelevant maximal ideal in R = K[x±, • ■ ■ , x n ^d+i] an d ttl be the ideal 
generated by all monomials of degree d in R. Then Hdepth(rh d ) + d — 1 = Hdepth( I n ,d) ■ 

Proposition 1.5. Theorem 1.4 implies Theorem 1.3. 



Proof. Suppose that Hdepth m s = [5x1] is true for any positive integer s and the irrelevant 
maximal ideal m in R = K[x\, ■ ■ ■ ,x n ]. Then applying this formula to m = m fl R in 



R = K[x l7 



n-d+ll 



for s = d gives that Hdepth(m d ) = [^p] 



n-(rf-l) 
d+l 



By 



Theorem 1.4, we have Hdepth(J nj( i) = Hdepth(rh d ) + d - 

Conversely, suppose that Hdepth(/ n (i ) = d — 1 + 
Applying this formula to the squarefree Veronese ideal I. 



n-(d-l) 



d+l 



d-1. 



n-(rf-l) 
d+l 

n+s— 1,8 



is true for any n > d. 
generated by all squarefree 
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monomials of degree s in the polynomial ring K[xi, ■ ■ ■ , x n , x n+ ±, • • • , x n+s -i], we have that 

Hdepth(/ n+s _i iS ) = s - 1 + r ^*" 1 "/ 8-1 ^ = s - 1 + \^] . By Theorem 1.4, Hdepth(m s ) + 

s - 1 = Hdepth(7„ +S „ M ) = s - 1 + [^] . So Hdepth(m s ) = \^] . This completes the 
proof of Proposition 1.5. □ 

Now we only need to prove Theorem 1.4. The proof of Theorem 1.4 is very simple. We 
first deduce the fine (or multi-graded) Hilbert series for both squarefree Veronese ideal 
(as a Z n -graded module) in R = K[xi,--- ,x n ] and m d (as a Z n ~ d+1 -graded module) in 
R = K[x u ■ ■ ■ ,x n _ d+1 \. Then we show that H Ind {T) = (1 - T)~^ d ~^ H^d(T) . Theorem 1.4 
follows immediately by combining this equality with J. Uliczka's result that Hdepth(M) = 
max{r : (1 — T) t Hm(T) non-negative} . 



2 Fine and coarse Hilbert series of the squarefree 
Veronese ideal 

Denote S the set of subsets of {1, • • • , n} with cardinality at least d. We first deduce the 
fine Hilbert series of the squarefree Veronese ideal l n ^- 

Proposition 2.1. The fine Hilbert series of the squarefree Veronese ideal is given by 

n 

H Inid (T u ■ ■ ■ , T n ) = H(l - T,)-^T 5 (1 - T) s \ 
i=o ses 

where S c is the complement of S in the set {1, • • • ,n}, T s = Y\T i7 and (1 — T) sc = 

ieS 

Proof. The squarefree Veronese ideal is generated by all squarefree monomials of degree 
d in R = K[xi, • • • , x n ]. A monomial x" 1 • • • is in if and only if at least d of the 
ctj's are positive. So the fine Hilbert series of the squarefree Veronese ideal is given by 

H Ind (T ir .. ,r n )= Yl t^..-t:-. 

at least d «i>0 

By arranging the terms containing the same distinct factors in Hi nd (T\, ■ ■ ■ ,T n ) into 
the same group, we have that 



nun, -,T n ) = J2T s (j2U T n = EIItzV = - ^)- 1 E tS ( 1 - T ) sc - 



ses ai>0ies 



sesies 



i=0 



ses 



□ 
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Let Tj = T in Proposition 2.1, we immediately have that the coarse Hilbert series of 

{l~T) k 



the squarefree Veronese ideal is Hj nd (T) = Yl jzt = E (fc) (i-r) fc • R- ecan that we have 



obtained H Ind {T) = J2 (/i)^ 1 ~ T)- n+ *- d+1 in [?]. We will show that these two 

i d -1 

formulas are equal. We need the following lemma. 



Lemma 2.2. For any integer < i < n — d, we have 

■fd— 1\ v^/ n V ,.,/n — d- 

' )=S'-') (_1) ( ' 

Proo/. The coefficient of T i in (1 + T) n ■ (1 + T)-^ n - d ~ i+1 ^ is 



J — IJ\ I I — V i 

z=o v 7 v 7 «=o v 7 v 

Now Lemma 2.2 follows easily by comparing the coefficients of T % on both sides of the 
identity (1 + T) l+d ~ l = (1 + T) n ■ (1 + T)-( n - d -' l+1 \ □ 

n n—1 

Proposition 2.3. £ G!)T fc (l - T)" fc = 5] ( d i L 1 )T d (l - T)- n+l - d+l . 

k=d i=d—l 

Proof. It is sufficient to show that 

n , \ n-l / ■ \ 

J2( n k )T k {l-T) n - k = ^ L l _)T d (l-Ty- d+1 . (2.1) 

k=d ^ 7 t=d-l ^ 7 

Dividing both sides of Equation (2.1) by T d and re-numerating indices, we only need 
to prove 

fc=0 v 7 i=0 v 7 

Expanding T k = [1 — (1— T)] fc and combining like terms on the left-hand side of Equation 
(2.2), we have that 

n—d n—d k 

E {k n +d ) Tk ^- T ) M = E U d )E(-i)'C)(i - W -T)«- fc - d 

fc=0 fc=0 z=o 

n—d n—d i 

= e e Gfcjj (?) a - = e e u_j (-i)' rv*) (! - T ) J 

i=0k-l=n-d-i i=0l=0 

n—d i n—d n—d 

= EEW(-i) , (*^ 4+ 0(i-r)'= EfTK 1 - 71 )^ ECS^a-r)'- Th e last 

j=0«=0 i=0 i=0 

two equalities follows from Lemma 2.2 and ( l+d i ~ 1 ) = ('tj-i 1 )- This completes the proof of 
Proposition 2.3. □ 
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3 Fine and coarse Hilbert series of the powers of the 
irrelevant maximal ideal 

Let m be the irrelevant maximal ideal in R = K[x±, ■ ■ ■ ,x n \ and let m t = m fl R be the 
irrelevant maximal ideal in R = K[xi, ■ ■ ■ ,x n - t +i\- Let rii t s be the ideal generated by all 
monomials of degree s in R and (riV) be the ideal generated by in R. We will deduce 
the fine and coarse Hilbert series of m s , m t s and (riV). All of those results are well-known. 
For the reader's convenience, we include these formulas with a short proof here. 

Proposition 3.1. The fine Hilbert series ofm s , m t s and (m t s ) are 

H m .(T ir .- ,T n ) = n(l-T i )- 1 -E E T" 1 ■ ■ ■ T" n , 

i 

n-t+l 5-1 

^(T 1 ,---,T n _ m )= J! (l-Ti^-E E T^-.-T^lWand 

i 

n 

H(m t s )(Ti, ■ ■ ■ ,T n ) = H^t'iTi,- ■ ■ , T n _ t+ i) • n (1-TiY 1 . 

i=n~t+2 

Proof. A monomial x" 1 • • • x% n is in m s if and only if J2 a i > s - So the fine Hilbert series of 

i 

m s is given by 

H m .(T u -.- ,T n )= E T^---T^= E^r---^-E E T^-.-T^ 

Y,oti>s ai>0 k=0J2ai=k 

i i 

n 5—1 

= na-^)- i -E e i 1 ? 1 ■■■ T n n - 

i=0 k=0-£ai=k 

i 

Hm t 3 (Ti, • • • , T n _ t+1 ) follows easily from H m s(Tx, • • • , T n ) by replacing n with n — t + 1. 

n-t+l 

Note that a monomial x" 1 ■ ■ ■ x% n is in (m t s ) if and only if E a « — s - So 

i=i 

ir (lfit . > (r 1 ,...,r B )= £ tt---t^= e ?r • • • t^ 1 • E ft ?T 

n-t+l n-t+1 «i>0 i=n— 1+2 

i=i i=i 
n 

= ^ lfit .(r 1 ,...,r n _ t+1 ). n (i-Ti)- 1 . 

i=n-t+2 

□ 

Let Tj = T in Proposition 3.1, we immediately have 
Corollary 3.2. The coarse Hilbert series ofm s , m t s and (m t s ) are 

h^t) = (i - T)~ n - eYt 1 )^ ^.(t) = (i - T)-^*- 1 - x;( B T*) T * anrf 

fc=0 fe=0 

^>Cn = (i - ^T n - (i - r)-* +1 E("T fe ) Tfc 

fc=0 

Now we are ready to prove Theorem 1.4. 
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4 Proof of Theorem 1.4 



In order to prove Theorem 1.4, we need the following lemma. 
Lemma 4.1. For any non-negative integer k, we have 

n + k\ ( i \ fn — i + k — 1 

k + d 



el:. 7 



Proo/. The coefficient of T n ~ d in the expansion of (l-T)-( d+k+ V is equal to ( d+fc+ ^" d_1 ) = 
= (™+{f). For any < % < n - d, the coefficient of T* in (1 - T)- d and the coefficient 
f rpn-d-i in ( 1 _ T )-(fc+i) are (d+i-i) = p+d-i) and (fc+i+n-d-i-i) = ( fe+n ~ d_i ) respectively. 

So the coefficient of T n - d in the expansion of (1 - T)^ d+k+1 ^ = (1 - T)- d ■ (1 - T)-( fe+1 ) 

n—d n—1 

is equal to £ (^V^) = £ G-i) f 1 "^ -1 ) • Now Lemma 4.1 follows easily by 

i=0 i=d-l 

comparing the coefficient of T n ~ d in the expansion of both sides of (1 — j^-(<J+fc+i) = 
(1 -T)- d - (1 -T)-( fc+1 ). □ 

By J. Uliczka [9], the Hilbert depth of M is equal to max{r : (1— T) r H M {T) non-negative} . 
So to prove Theorem 1.4, it is sufficient to show that H Jnd (T) = (1 - T)-^- 1 ) H^ d (T). By 

Corollary 3.2, H^(T) = H^{T) = (1 - P)-"^ 1 - £ (^+ fc )T fc . Hence we only need to 

fc=0 

show that 



£ Q T fc (l - T)- fc = (1 - T)-" - (1 - T)-^J2 ( U d k + k ) T 

k=d ^ ' k=0 ^ ' 



(4.2) 



Multiply both sides of Equation (4.2) by (1 — T) n and using Equation (2.1), we have 
that 

£ L 1 i) r *( i - T )^ d+i = 1 - (! - Tr- d+i j2 ( n ~ d k +k ) Tk (4 - 3) 

i=d— 1 ^ ' k=0 ^ ' 

Dividing both sides of Equation (4.3) by (1 — T) n ~ d+1 and expanding (1 — T) l ~ n and 
(1 — j')-( n - d + 1 ) respectively, we have 

Dividing Equation (4.4) by T d , we have 



k=Qi=d-l \ / \ / fc=d V / fc=o v 7 
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n-1 

Equation (4.5) holds true if and only if (£J) = £ (^Ij ("^t* -1 ) - The latter one 

i=d-l 

follows from Lemma 4.1. This completes the proof of Theorem 1.4. 
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